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ABSTRACT

The gain margin and the phase margin of a control system are important
parameters in the determination of the relative stability of control system. In
this paper we derive general interrelationships between these two parameters.

1.0 DEFINITIONS

The phase margin and the gain margin of a control system are defined below
with the aid of Fig.1 which is a polar plot of the open-loop transfer function
Glw) of a system which has positive values of gainmargin and phase margin.

The gain margin and phase margin are defined as:
Gain margin (in dB) = -20logva
Phase margin (in degrees) =9

Observe that here is a frequency, w, called the phase cross-over frequency
at which Im |&6(/w,||=0,

Then - a=6ljw,),

Another frequency of interest is w, called the gain cross-over frequency at
which 16[jw,]I=1
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Fig.1: Gain margin  and phase margin of a system

2. INTERRELATIONS

In this section we shall first seek to establish an interrelationship between
the gain and phase margins of control systems which is as general as possible
and then later we shall do the same for second-order systems.

Since a general result on the phase margin and gain margin interrelationship
is not system-specific we have only been able to establish the following:

2.1 Proposition 1:

Let a unity-feedback control system with open-loop transfer function Gi(s)
have a gain margin ¢=20logcad8, If another unity feedback system with
open-loop transfer function Gz(s) has Re {62[sw,)], then the phase margin ¢

of the second system is related to a

Proof: By definition of the gain margin, we obtain the following result for the
first system

-a-Gl(jw,)
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Using the definition of w, for the second system we get
Re (Gi(Jw,]) = ~cos¢
Finally, since Re {G,t/w,]]-RO!Gzlfw,]} we get a=cosg.

We next establish the results for second-order systems. These results are
important because most practical control systems can be approximately
modelled by gecond-order systems. For second-order systems we can say
considerably more about their phase margin and gain margin interrelationship.

We assume we have a unity-feedback system with open-loop transfer function
G(s) given by

2

c .« .
()= e 2tw,)
(1)

where ¢t is the system damping coefficient.
2.2 Proposition 2:

The gain margin, n dB, of the system whose open-loop transfer function is
given by equation (1) above is related to its phase margin, ¢ degrees, by

n= 20109,0(sin¢tan¢)

Proof: Since wi-w?-jfww,
GCjw)= ( )

W' Atiwiw;

i

t
we ge wp-w,l(ﬁr{‘* l-2§2}

and w,=0

Hence n-20log (4%’

(2)
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and

¢=tan' 2t :

{(agse1)i-2e2)

(3)
so, by eliminating ¢ from equation (2) and (3) we get
n=20log ,(sin¢tang)

2.3 Remark 1:

Fig.2 is a plot of n versus ¢ and ¢ versus {. We see that so long as {<0.5 the
phase margin versus { curve can be approximated very accurately by straight
lines yielding.

p=106¢

(4)
and
n=65¢

(5)
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These approximations are resonably accurate for ¢<0.5 and are a useful index
linking the frequency response of second order systems to their transient

performance.
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Fig.2: Gain and phase margin versus?$
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2.4 Remark 2:

in dB versus the phase margin in degrees for

A plot of the gain margin
in Fig.3. For 20°<¢<80" we can approximate

second-order systems is shown
the gain margin versus phase margin relations by a straight line:

n=0.57¢-29.7
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Fig. 3. Gain margin versus phase margin
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3.0 CONCLUSIONS

This paper has derived interrelationships between the gain margin and the
phase margin of control systems. For second-order systems we show that
over gain margin and phase margin ranges of practical interest the
interrelationships are approximately linear.
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